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We discuss anomalous decoherence effects at zero and finite temperatures in driven coupled quantum spin sys-
tems. By numerical simulations of the quantum master equation, it is found that the entanglement of two coupled
spin qubits exhibits a non-monotonic behaviour as a function of the noise strength. The effects of noise strength,
the detuning and finite temperature of independent environments on the steady state entanglement are addressed
in detail. Pumped by an external field drive, non-trivial steady states can be found, the steady state entanglement
increases monotonically up to a maximum at certain optimal noise strength and decreases steadily for higher
values. Furthermore, increasing the detuning can not only induce but also suppress steady state entanglement,
which depends on the value of noise strength. At last, we delimit the border between presence or absence of
steady state entanglement and discuss the related experimental temperatures where typical biomolecular systems
exhibit long-lived coherences and quantum entanglement in photosynthetic light-harvesting complexes.
PACS numbers: PACS numbers: 03.65.Yz, 03.67.Hk
I. INTRODUCTION.
Decoherence, induced by the coupling between a quan-
tum qubit and its surrounding environment, is a main ob-
stacle to the practical realization of quantum information
processing[1]. The controlled generation and detection of en-
tanglement of quantum states remains one of the fundamen-
tal challenges of quantum physics. It is of great importance
to analyze the entanglement decay induced by the unavoid-
able interaction with the environment. In recent years, there
have been many investigations of decoherence[2–10], careful
investigation of well-understood model systems continue to
produce surprises that add to fundamental understanding. For
example, Entanglement sudden death (ESD)[2] have been ad-
dressed in different quantum systems. Moreover, it has also
been experimentally observed [3]. Entanglement sudden birth
(ESB) [4, 5] is the creation of entanglement where the initially
unentangled qubits can be entangled after a finite evolution
time. Traditionally, it has been assumed that noise can only
have detrimental effects in quantum information processing.
Recently, however, it has been suggested, and realized experi-
mentally, that the environment can be used as a resource [11–
17]. In particular, it is generally believed that stronger noise
causes severer decoherence. Strikingly, recent theoretical re-
sults [18, 19] suggest that under certain conditions, the op-
posite (an anomalous decoherence effect) is true for spins in
quantum baths. Furthermore, an experimental observation of
an anomalous decoherence effect for the electron spin-1 of a
nitrogen-vacancy centre in high-purity diamond at room tem-
perature has been reported [20]. This discovery establishes
the controllability of quantum baths and paves the way for
exploiting spin ensembles in quantum information process-
ing. As a result, there has been an increasing interest in better
understanding the interplay between coherent and incoherent
quantum dynamics arising from environmental interaction.
The entanglement dynamics of open quantum systems may
be rather complex, mostly due to the structure of the environ-
ment interacting with the quantum system. In the particular
case of the dissipation and decoherence phenomena, the Lind-
blad or Bloch-Redfield master equations [21] have been used
as the common approaches to study the effects of the envi-
ronment on the entanglement dynamics. Generally, the non-
unitary evolution of the reduced-density matrix of the system
can be obtained after tracing out the environmental degrees of
freedom. In this process, some approximations (the weak cou-
pling and Born-Markov approximations) are often made in the
derivation of a master equation. Recent reservoir engineering
techniques aim to alter the dynamics of dissipation and deco-
herence in an open quantum system [22–26]. The coupling of
the quantum system with its surrounding environment and the
induced entanglement decay motivate some important ques-
tions, such as how to understand its sources and possibly how
to find ways to circumvent it. Therefore, it is of fundamental
and practical importance to study the decoherence dynamics
of a system in structured reservoirs.
In recent years, quantum theories have been developed to
treat the decoherence problem in a mesoscopic quantum bath.
These quantum theories have been successful in studying de-
coherence in various systems and predicted some surprising
quantum effects [27–29]. A number of researches have indi-
cated the quantum nature of nuclear spin baths in the pres-
ence of a classical driving field. Some important theoretical
and experimental works dealing with the effects of the driving
on the coherent dynamics have recently appeared [30–33]. In
this paper, we discuss the entanglement dynamical behavior
of two driven coupled qubits via a Heisenberg Ising interac-
tion, which are connected with two independent finite tem-
perature heat baths. The main purpose and motivation of the
present letter is try to answer the following question: how en-
tangled steady states of dissipative qubits can be generated by
adding a classical driving field to the system. In a driven dis-
sipative system, i.e. pumped by an external coherent drive,
non-trivial steady states can be found. By numerically solv-
ing the master equation, we show here that two critical noise
strength Γc and Γm exist and noise dissipation can also have
exactly the opposite effect: it can be used to engineer a large
variety of strongly correlated states in the steady state, which
suggests that it is advantageous to maintain a finite, not neces-
2sarily minimal, noise strength to observe stationary entangle-
ment experimentally. The coherent drive affords great flexi-
bility in generating entangled states since it provides freedom
in choosing the detuning and strength of the field. Without
the laser field, entanglement of dissipative qubits will be de-
stroyed but with the addition of the laser field, certain opti-
mal noise strength and the detuning lead to the high station-
ary entanglement. These results enlarge the domain where
stationary entanglement can exist and should be observable
at reasonable experimental temperatures. The aim is to en-
gineer those noise strengths and finite temperature, so that
the environments drive the system to a desired final state af-
ter some time without having to actively control the system.
Ultimately, this understanding may facilitate the development
of finite temperature noise-assisted devices and, potentially,
quantum coherence and entanglement in light-harvesting sys-
tems.
II. HAMILTONIAN OF THE MODEL AND
ENTANGLEMENT NEGATIVITY.
We consider this model consists of an array of N driven,
coupled spin-1/2 qubits. The system is subject to a noisy envi-
ronment modeled by an infinite collection of harmonic oscil-
lators described by creation and annihilation operators (aik)†
and aik with frequency ωik. This situation leads to decoher-
ence for all degrees of freedom, unlike the common bath case.
Besides, we avoid extra correlations between qubits induced
by the common bath. The global Hamiltonian is written as
(~ = 1),
H = −
N∑
i=1
ωi0
2
σiz +
∑
k,i
ωik(a
i
k)
†aik +
N∑
i=1
σixX
i
−
N−1∑
i=1
Jσiz ⊗ σ
i+1
z +
N∑
i=1
Ωi(σ
i
+e
−iωi
L
t + h.c.), (1)
where J is the coupling constant in z component of the nearest
neighbor qubits, σix, σiy, σiz are the Pauli operators at the i-th
qubit, σi+ = |1〉i〈0|. The real coefficients of the direct cou-
pling between the two qubits are tunable parameters and can
be implemented with trapped ions chains or cold atoms in an
optical lattice [34]. X i =∑k gk(aik+ai †k ) denotes the bath’sforce operator. The external driving is parameterized by its
intensity, as given by the Rabi frequency Ωi, and the detuning
from the qubit frequency δi = ωiL − ωi0. We will consider
situations where the driving is weak and the external Rabi fre-
quency is smaller than the interqubit coupling,Ω < J . Within
the rotating wave approximation, weak system reservoir cou-
pling and Born-Markov approximation, we obtain an effective
Hamiltonian for the N -qubit array in the interaction picture,
Heff =
N∑
i=1
δi
2
σiz −
N−1∑
i=1
J σiz ⊗ σ
i+1
z +
N∑
i=1
Ωi σ
i
x
−i
N∑
i=1
Γi(n¯+ 1)σ
i
+σ
i
− − i
N∑
i=1
Γi n¯ σ
i
−σ
i
+ (2)
the quantum master equation of time evolution reads:
ρ˙ = −iHeffρ+ iρH
†
eff
+
∑
i
2Γi(n¯+ 1)σ
i
−ρσ
i
+
+
∑
i
2Γin¯σ
i
+ρσ
i
−, (3)
The noise strength on qubit i at a temperature T is given by
the product Γi n¯, where the explicit functional form of the
decay rate Γi depends on the spectral properties of the bath
and n¯ denotes an effective boson number that depends on the
bath’s temperature T ; both parameters are, in principle, con-
trollable. This master equation treatment is valid in the param-
eter regime Ωi/ω ≪ 1,Γin¯/ω ≪ 1, δi/ω ≪ 1 and J/ω ≪ 1,
where ω = min{ωi0, ωc} for a suitable frequency cut off ωc of
the bath, and all expression in this paper will then be correct
to lowest non-trivial order in Ωi,Γi, δi and J [35].
Since decoherence process leads the pure quantum system
state to mixed states, in order to discuss the entanglement dy-
namics and steady-state entanglement in the above system, we
use the negativity as a popular measure of bipartite entangle-
ment. The negativity under partial transposition of a two-qubit
state ρ is defined as [36]
E(ρ) =
||ρTA || − 1
2
(4)
This measure is based on the trace norm of the partial trans-
position ||ρTA || of the state ρ(t). From the Peres-Horodecki
criterion of separability [37, 38], it notes that if ρTA is not
positive, then the state ρ(t) is entangled. The negativity is an
entanglement monotone and equivalent to the absolute value
of the sum of the negative eigenvalues, i.e. E(ρ) = −2
∑
λi,
where λi are the negative eigenvalues of ρTA .
III. RESULTS AND DISCUSSIONS
For this case, it is difficult to give the analytical solutions
about the master equation. So, here we solve numerically the
master equation with different parameters and give out the en-
tanglement properties. Let us consider the first case where
N = 2, δi = 0 and n¯ = 0 (T = 0). The negativity EAB of
two qubits as a function of time is plotted in Fig.1 for fixed
values of the coupling J and the driving Ω = Ω1 = Ω2, from
which we can see the following interesting results. Firstly,
it is found that the system of weakly driven qubits, initially
prepared in their ground state, develops quantum entangle-
ment in time. In Fig.1(a), we can see that the two-qubit state
can evolve into a stationary entangled state under the noise
strength from initial unentangled state. In other words, deco-
herence drives the qubits into a stationary entangled state in-
stead of completely destroying the entanglement. Moreover,
we observe that the system will be entangled in the steady
state only for certain finite values of Γ. Perhaps surprisingly, it
is the larger value of the noise strength that yields steady-state
entanglement. With the increasing of the coupling constant,
the decay is suppressed, which is dramatically different from
one’s expectation that a stronger coupling always induces a
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FIG. 1: Entanglement time evolution for two weakly driven qubits with the coupling of strength J/Ω = 1.5 and the detuning δi = 0. (a),(b):
n¯ = 0. (c): at different mean thermal boson number n¯. (d): the bipartite entanglement in the steady state as quantified by the EAB as a
function of the noise strength Γ. If the noise strength Γ is sufficiently large, the system is inseparable in the steady state.
severer decoherence. The system is entangled, and have a neg-
ative partial transpose, only if Γ > Γc, where Γc is the noise
threshold. If Γ < Γc, the state is separable. This behaviour
is also illustrated in Fig.1(d) where the black solid line cor-
responds to the bipartite entanglement in the steady state as
quantified by the EAB as a function of the noise strength Γ.
As a result of the constraint, any entanglement measure ex-
hibits an initial domain of vanishing entanglement for weak
noise where the state is separable. When Γ rises above thresh-
old, the steady state entanglement increases monotonically up
to a maximum at certain optimal noise strength Γm and de-
creases steadily for higher values of Γ. Therefore, this can
provide us a feasible way to manipulate and control the entan-
glement by changing the external noise strength. we present a
microscopic explanation for as a physical insight of the coun-
terintuitive phenomenon. The origin of the stationary entan-
glement can be traced back to the structure of the eigenstates
of the effective Hamiltonian. When the values of both reser-
voir noise strength Γ are low, because of the external driv-
ing, the final state is the equally weighted superposition states,
which loses coherence, so the entanglement decreases to zero.
Secondly, for various values of the parameter θ, correspond-
ing to the two qubits are initially in different entangled states,
we find that under some initial conditions, the entanglement
of two qubits can fall abruptly to zero, and will recover after
a period of time. Therefore, the ESD appears and is related to
the initial state. Even though the initial system has the same
entanglement, the evolution is also different. When the two
qubits are initially prepared in their excited state, i.e. θ = pi
2
,
the result is quite different. The entanglement versus parame-
ter t is plotted in Fig.1(b), indicating a threshold value of pa-
rameter t, only above which entanglement negativity begins
to be nonzero, i.e. the quantum correlation starts to appear.
This is the example of phenomenon of delayed sudden birth
4of entanglement. Lastly, despite the presence of decoherence,
the results in Fig. 1(b) show that the entanglement reaches the
same steady value, after some oscillatory behavior, for a given
set of system parameters regardless of the initial state of the
system.
As the reservoir is assumed to be finite-temperature, in
Fig.1(c), we can observe the entanglement changes of a
slightly different character. The phenomena of ESD and ESB
are more evident as the value of n¯ is increased. In the dis-
entanglement dynamics of the finite-temperature dissipation
environment, the lifetime, corresponding to nonzero value of
entanglement, becomes less, and the exponential disentangle-
ment disappears and ESD or ESB appears. Furthermore, we
find the death time and birth time are prolonged and the max-
imal value that the entanglement can reach decreases with
increasing temperature. We also observe steady-state entan-
glement even for infinite temperature of the bath. The non-
monotonicity of quantum entanglement is also apparent, plot-
ted in Fig.1(d) for increasing values of the mean thermal bo-
son number n¯. At the given Ω and J , the value of Γ that
maximizes the steady state entanglement is now a function
of n¯ and a numerical analysis shows that the critical noise
strength Γc of generating entanglement needs higher values as
n¯ increases. That is to say, strong noise strengths induced the
finite-temperature quantum entanglement. However, the peak
value of the entanglement tends to decrease faster and the Γm,
where quantum entanglement approaches a maximum, shifts
to right very rapidly. That is to say, a larger steady-state entan-
glement can be created for a smaller n¯. Such control effect on
the entanglement dynamics by varying the bath temperature
becomes more significant. At a finite temperature, the steady
state entanglement is decreased but remains finite. For an av-
erage photon number of n¯ = 0.05, we find that the steady
state entanglement reaches the maximal value of 0.1. For
GHz frequencies as they are typical for quantum optical im-
plementations this corresponds to around 120 mK. For typical
biological systems, however, the bath spectral density peaks
around 200 cm−1(corresponding to ω = 4×1013 HZ), so that
(n¯ = 0.3)(n¯ = 0.05), corresponds to a temperature T ≈ 77K
(T ≈ 30 K). At these temperatures, typical biomolecular
systems such as the Fenna-Matthew-Olson complex exhibits
long-lived coherences in the dynamics as demonstrated in re-
cent experiments [39] and quantum entanglement survives in
photosynthetic light-harvesting complexes despite the deco-
hering effects of their environments[40, 41]. This system
could opens up new channels in bath assisted entanglement
in a very natural way and even could give more control pa-
rameters.
We have considered the the detuning from the qubit and
driving frequency is zero, all the phenomena described so far
are robust in the presence of a finite n¯. Fig.2 shows that the
time evolution of the entanglement for different values of the
detuning and Γ. On exact resonance, If Γ < Γc, the steady
state entanglement value EAB for the driven qubits coupled
to a bosonic environment at zero and finite temperatures is
strictly zero. For a finite detuning, the steady state turns out
to be entangled even when the noise strengths below the crit-
ical value. The presence of steady state entanglement can be
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FIG. 2: (a)and (b)the time evolution of the entanglement for different
values of the detuning and Γ. (c) the steady state entanglement as
quantified by the EAB as a function of the detuning δ for different Γ.
51.2 1.4 1.6 1.8 2.0
0.2
0.3
0.4
0.5
 
 
(
)
J( )
 n=0
 n=0.01
 n=0.05
(a)
1.2 1.4 1.6 1.8 2.0
0.1
0.2
0.3
0.4
0.5
 
 
(
)
J( )
 
 
 
(b)
FIG. 3: The border between presence or absence of entanglement,
depending on the J , the noise strength, the detuning and the bath’s
temperature. The parameter (a) δ = 0, (a) n¯ = 0.
linked unambiguously to an increasing degree of the detuning,
the weak noise channel with sufficiently large detuning is an
important condition for steady-state entanglement. Quantum
correlations increase monotonically up to a maximum corre-
sponding to a certain optimal detuning above which EAB de-
creases. The reason is that the additional detuning between
the qubit and driving frequency produces some new coher-
ences terms. On the contrary, due to the competition of noise
strengths and the detuning, if Γ = 0.8, we can easily see that
the value of steady state entanglement becomes smaller with
the increase of the detuning and is a monotonically decreas-
ing function of the detuning. This implies that increasing the
detuning can not only induce but also suppress steady state
entanglement, which depends on the value of noise strength.
When the two qubits are subject to system-environment in-
teractions of the same noise strength, the detuning character
can be the crucial property that leads to steady state entan-
glement where purely low noise would result in the complete
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FIG. 4: The relations between the maximal steady state entanglement
and the value of Γm at different bath’s temperature.
destruction of entanglement. The above interesting character
is well described in Fig.2(c). Anomalous decoherence effects
phenomena, as quantified by dynamical quantum entangle-
ment measures, should also be observable in chains of coupled
weakly driven spin systems.
From the above analysis, it is clear that the noise strength,
the detuning from the qubit frequency and the finite tempera-
ture of independent environments have a notable influence on
the steady state entanglement. The entanglement characteris-
tics shown in Fig.3 suggest that the steady state will fall into
either the entangled part or the separable part, i.e. from sep-
arable to entangled subsystems, depending on the coupling
strength J , the noise strength, the detuning and the bath’s
temperature. The smaller the value for the zero temperature
noise, the larger the qubit interaction strength J required for
the driven qubits to be entangled. Moreover, we see the points
which delimit the border between presence or absence of en-
tanglement, which is different when varying temperature and
the detuning. Alternatively, anomalous decoherence effects
can be characterized using a steady entanglement measure of
the system’s response to the external driving. The steady state
of the system can be computed analytically for n¯ = 0, δ = 0,
The system is entangled, and have a negative partial transpose,
only if Γ > Γc, where Γc = Ω2/2J is the noise threshold,
which is consistent with the numerical results. For the other
case, we only give the numerical results. An interesting ques-
tion is that for the givenΩ and J , what is the relations between
the maximal steady state entanglement and the value of Γm.
From Fig.4, we can find that if the bath’s temperature is low
enough (n¯ ≤ 0.05), the maximal steady state entanglement is
a linearly decreasing function of the critical value of Γm. Of
course, this relation is not established for the high tempera-
ture, and this needs further study.
6IV. CONCLUSIONS
In conclusion, protecting the dynamics of coupled quan-
tum systems from decoherence by the environment is a key
challenge for solid-state quantum information processing. We
have studied quantum entanglement dynamics in driven cou-
pled quantum spin systems at zero and finite temperature.
When the rotating wave and Born-Markov approximation are
used, we reveal numerically that the external driving and noise
strength cause the anomalous decoherence phenomenon, i.e.,
the steady state response of the system, will be optimized at
intermediate noise levels and therefore, trying to reduce the
environmental noise to as small as possible values, does not
necessarily provide an optimal universal strategy to maximize
coherent effects. One actively exploits the noise decay to drive
the system to a entangled stationary state which does not de-
pend on the initial states. Classical driving field can be used to
stabilize entanglement in this systems. Our results also sug-
gest a control way to beat the effect of decoherence by en-
gineering the noise strength of the reservoirs to approach the
steady state entanglement. This demonstrates the possibility
of stable steady state entanglement in natural systems consist-
ing of many qubits. We expect these studies to contribute to-
wards the identification of the physical mechanisms that could
induce stationary quantum correlations in very noisy environ-
ments occurring in experimental conditions.
Appendix: The solution of quantum master equation
In the presence of a classical driving field, the entanglement
evolution no longer belongs to the so-called X-class state, the
density matrix in driven coupled quantum spin systems is of
the following form
ρ =


ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44

 (A1)
in the two-qubit product state basis of
{|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉}. Substituting (A1) into (3), i.e.
the master equation of our system, we obtain the following
first-order coupled differential equations:
dρ11(t)
dt
= −4(1 + n¯)Γρ11(t) + 2n¯Γ(ρ22(t) + ρ33(t))
−iΩ(−ρ12(t)− ρ13(t) + ρ21(t) + ρ31(t))
dρ12(t)
dt
= −3(1 + n¯)Γρ12(t) + n¯Γ(−ρ12(t) + 2ρ34(t))
−i(−Ωρ11(t) + 2(δ − J)ρ12(t)− Ωρ14(t)
+Ωρ22(t) + Ωρ32(t))
dρ13(t)
dt
= −3(1 + n¯)Γρ13(t) + n¯Γ(−ρ13(t) + 2ρ24(t))
−i(−Ωρ11(t) + 2(δ − J)ρ13(t)− Ωρ14(t)
+Ωρ23(t) + Ωρ33(t))
dρ14(t)
dt
= −2(1 + 2n¯)Γρ14(t)− i(−Ωρ12(t)− Ωρ13(t)
+4δρ14(t) + Ωρ24(t) + Ωρ34(t))
dρ21(t)
dt
= −3(1 + n¯)Γρ21(t) + n¯Γ(−ρ21(t) + 2ρ43(t))
−i(Ωρ11(t)− 2(δ − J)ρ21(t)− Ωρ22(t)
−Ωρ23(t) + Ωρ41(t))
dρ22(t)
dt
= 2(1 + n¯)Γ(ρ11(t)− ρ22(t))− 2n¯Γ(ρ22(t)
−ρ44(t))− iΩ(ρ12(t)− ρ21(t)− ρ24(t) + ρ42(t))
dρ23(t)
dt
= −2(1 + 2n¯)Γρ23(t)− iΩ(ρ13(t)− ρ21(t)
−ρ24(t) + ρ43(t))
dρ24(t)
dt
= (1 + n¯)(2ρ13(t)− ρ24(t))− 3n¯ΓΩρ24(t)
−i(Ωρ14(t)− Ωρ22(t)− Ωρ23(t) + Ωρ44(t))
+2(δ + J)ρ24(t)
dρ31(t)
dt
= −3(1 + n¯)Γρ31(t) + n¯Γ(−ρ31(t) + 2ρ42(t))
−i(Ωρ11(t)− 2(δ − J)ρ31(t)− Ωρ32(t)
−Ωρ33(t) + Ωρ41(t))
dρ32(t)
dt
= −2(1 + 2n¯)Γρ32(t)− iΩ(ρ12(t)− ρ31(t)
−ρ34(t) + ρ42(t))
dρ33(t)
dt
= 2(1 + n¯)Γ(ρ11(t)− ρ33(t))− 2n¯Γ(ρ33(t)
−ρ44(t))− iΩ(ρ13(t)− ρ31(t)− ρ34(t) + ρ43(t))
dρ34(t)
dt
= (1 + n¯)(2ρ12(t)− ρ34(t))− 3n¯ΓΩρ34(t)
−i(Ωρ14(t)− Ωρ32(t)− Ωρ33(t) + Ωρ44(t)
+2(δ + J)ρ34(t))
dρ41(t)
dt
= −2(1 + 2n¯)Γρ41(t)− i(Ωρ21(t) + Ωρ31(t)
−4δρ41(t)− Ωρ42(t)− Ωρ43(t))
dρ42(t)
dt
= (1 + n¯)(2ρ31(t)− ρ42(t))− 3n¯Γρ42(t)
−i(Ωρ22(t) + Ωρ32(t)− Ωρ41(t)− Ωρ44(t)
−2(δ + J)ρ42(t))
dρ43(t)
dt
= (1 + n¯)(2ρ21(t)− ρ43(t))− 3n¯Γρ43(t)
−i(Ωρ23(t) + Ωρ33(t)− Ωρ41(t)− Ωρ44(t)
−2(δ + J)ρ43(t))
dρ44(t)
dt
= 2(1 + n¯)(ρ22(t) + ρ33(t))− 4n¯Γρ44(t)
−iΩ(ρ24(t) + ρ34(t)− ρ42(t)− ρ43(t))
(5)
7Obviously, the solution of (A2) depends on the initial state
of the qubits, so we can solve analytically and numerically for
some typical initial states. By solving the equations of dρ
dt
= 0
to get the steady-state solutions, and then we can study the
steady-state properties of the two driven coupled qubits.
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